Math 301 — Exam 2 review guide solutions

Solution 1.
a. True: if Y a, converges, then (a,) converges to 0. Since (a,) converges it is Cauchy.

b. False: it is possible that x is an isolated point. For example, consider the set A = {z}, where
z € R, and the sequence (a,) where a,, = z for all n € N. Then a,, — x but A has no limit
points. Modified statement that is true: if A C R is a given set and there exists a sequence
(an) € A\ {x} such that a, — z, then z is a limit point of A.

c. False: consider the open sets given by A,, = (0,14 1/n) for all n € N. Notice that (),—, 4,, =
(0,1] is not open. Modified statement that is true: if Ay, As, ... are closed sets, then ())—, A4,
is a closed set.

d. True: if z is an isolated point of A then x € A by definition. Therefore, denoting the set of
limit points of A by L, we have that x € AU L = A.

e. False: consider the set K = [—1,1] and the sequence given by z,, = (—1)" for all n € N. Then
K is compact but contains a sequence which does not converge. Modified statement that is
true: if K is a compact set, then every sequence has a convergent subsequence.

f. False: let € > 0 and define § = €. Suppose that z € R is such that 0 < |z| < . Then
|f(z)] = |z| < 6 = e. Therefore lim,_,o f(x) = 0. Modified statement that is true: let Let
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0
) 0 for all x # 0. Then lim,_,q f(x) does not exist.
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Solution 2.

a. Let € > 0. Since >~ a, converges absolutely, there exists N € N such that for all n > m >
N we have that

n

Z lax| < e.

k=m+1

Since (by,) is a subsequence of (a,) we have that there exists a strictly increasing sequence
(nr) € N such that by = apn,,b2 = an,,.... That is, by = a,, for each k € N. Suppose that
¢ > j > N. This implies that n; > n; > N. Therefore

> bkl = byl + -+ [bi]
k=j+1

= ‘an_7'+1‘ +oe |an7‘,
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By the Cauchy criterion for series, > - b, converges absolutely.

b. Recall that a set A is open if for every 2 € A there exists € > 0 such that V¢ (z) C A. Therefore
it is not open if there exists x € A such that V. (x) € A for all ¢ > 0. This is indeed the case
here with « = b. Notice that if € > 0 then V,(b) € A because for every y € (b,b+ €) we have
that y € Vi(b) but y € A. Recall that a set A is closed if it contains all of its limit points.



Therefore it is not closed if there exists a limit point z of A which is not an element of A.
That is indeed the case here with 2 = a. Notice that a is a limit point of (a, b] since there
exists a sequence (z,,) C (a,b] such that 2, — a. Indeed, z, = a + (b — a)/n for each n € N
is such a sequence.

. Let n € N and suppose that K1, ..., K, C R are compact sets. Since each set is compact, each
set is closed. Therefore, U?:l K is closed. Since each set is compact, each set is bounded.
That is, for each ¢ € {1,...,n} we have that there exists M; > 0 such that |z| < M; for
all z € K;. Let M = max{M,...,M,}. Suppose that z € J;_, K;. Then z € K; for
some i € {1,...,n} which means that |z| < M; < M. Therefore | J;; K; is bounded. Since
Ui, K, is closed and bounded, it is compact.

. Let s, = >7_, 1/k? for each n € N. Then (s,) C A is a sequence that converges to a.
Moreover, it is clear that s, # « for all n € N since s, € Q for all n € N and o € Q.
Therefore « is a limit point of A but not an element A. This means A is not closed.

. Let € > 0 and define 6 = min {1,€¢/37}. Suppose that x € R is such that 0 < |z — 3| < 0.
Observe that

|3 — 27| = |z — 3|22 + 3z + 9|
< 8|z® + 3z + 9
< 6(|z* + 3|z| +9).

Notice that since § < 1 and |z — 3| < § it follows that 2 < x < 4. Therefore |z|? + 3|z| + 9 <
4% + 3(4) + 9 = 37. Then we have that

|z® — 27| < 375 < e.

. Note that since Q = R we have that there exists a sequence (z,,) C Q such that z,, — V2.
Moreover, if we let y, = v/2 4 1/n for each n € N we note that (y,) € R\ Q, y, # V2 for
all n € N, and y, — /2. Finally, we note that f(z,) = 0 and f(y,) = y, for all n € N
which means that lim,, o f(2y) # lim,—c0 f(yn). Therefore, by the Divergence Criterion for
Functional Limits, lim,_, /5 f(z) does not exist.



