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Background

We will focus on the flow-kick system, which is a modification of the
differential-equations model that introduces kicks at predetermined
times.
Known: the behavior of the system in the context of immune system
modeling with deterministic kick magnitudes and times.
Goal: explore the behavior of flow-kick systems when kick magnitudes
and times are random and chosen according to probability
distributions.
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Main Questions

1 Add randomness: What happens when the exposure size and timing
vary?

2 Uniform sampling vs. Exponential sampling: What happens when we
use different probabilistic sampling methods?

3 How does the value of l (the average number of kicks within a
certain time interval) influence the reinfection rate?
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In�uenza model: innate immunity and adaptive immunity
The virus(V), target cells(T), and infected cells(I) make up a
subsystem where the virus infects the target cells to produce more
infected cells and more virus.
The interferon(F) represents the innate immune function and kills
infected cells, while the adaptive immunity includes B-cells(B) that
produce antibodies(A) that neutralize the virus.
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System of Di�erential Equations

Figure: di�erential equations

Figure: parameters
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Six-plots with Initial Condition

1 Initial Condition:
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t � Unif(7;8)
k represents re-exposure dose magnitude: 12000< k < 13000
t represents inter-exposure interval, i.e. time between kicks: 7< t < 8
Out of 500 simulations, 386(77)%) of the simulations had an
excursion when t=600.

Figure: t vs. k

Figure: stochastic simulation (Alanna)
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t � Unif(7;8)

Add randomness:

a = 0

b = 1000

k = [ 12000+ ( a+ ( b � a) � rand]

t = 7+ 1� rand(85;1)
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t � Unif(7;8)

Strong law of large numbers : Let X1;X2; : : : be an i.i.d sequence of
random variables with �nite meanm, Xi � Ber(p). Let Sn = X1 + � � � + Xn.
Then asn ! ¥ ,

P( lim
n! ¥

Sn

n
= m) = 1;

which implies that

lim
n! ¥

X1 + ::: + Xn

n
= E[X] = p = m:
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t � Unif(7;8)
The Central Limit Theorem : Let X1;X2; : : : be an i.i.d sequence of
random variables with �nite meanm and variances 2. For n = 1;2; : : : , let
Sn = X1 + � � � + Xn. Then asn ! ¥ ,

Sn=n� m
s =

p
n

� N (0;1);

Sn

n
� m�

s
p

n
N (0;1);

Sn

n
�

s
p

n
N (0;1)+ m;

Sn

n
� N (m;

s 2

n
);

which implies that asn ! ¥ ,

p =
Sn

n
� N (m;

s 2

n
):
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t � Unif(7;8)

Excursion Check Function

Excursion: in the positions minimum time to the end, check if
Ys � 2:5� 105.

Outputs: excursion result (0's and 1's), excursion time (quantitative)

mean time to excursion= mean(excursion time)

probability of excursion= mean(excursion result)
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t � Unif(7;8)
Probability of excursion

n = 10000

Probability of excursion� 0:7090

Mean time to excursion� 408:7978

Figure: probability of excursion vs.
number of trails Figure: histogram of time to excursion

Cathy Liu Immuno-epidemiological Model for Transient Immune ProtectionSpring 2022 12 / 20



t � Unif(7;8)
Construct Con�dence Interval

According to the Central Limit Theorem,

p =
Sn

n
� N (m;

s 2

n
);

we construct the Con�dence Interval,

CI = [ y �
s

p
n

� 1:96], wheres = 0:4542, 2000� n � 10000

Cathy Liu Immuno-epidemiological Model for Transient Immune ProtectionSpring 2022 13 / 20



N � Pois(l ), t � Exp( l
600)

k represents re-exposure dose magnitude: 12000< k < 13000.
N represents the number of kicks over time interval[0;600]:
N � Pois(l ), i.e. N � Pois( 600

7 ).
U represents the exact times when kicks happen:U � Unif(0;600)
t represents time between kicks:t n = Un � Un� 1.
t � Exp( l

600), E[t ] = 600
l , i.e. t � Exp( 1

7), E[t ] = 7.

Figure: exponentially samplingt

Figure: for loop of lambdas
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N � Pois(l ), t � Exp( l
600)

Probability of excursion
l represents the average number of kicks in 600 days.l = 6
n = 10000
m= mean(excursion result)� 0:9570
s = std(excursion result)� 0:2029
CI = [ y � sp

n � 1:96], wheres = 0:2029, 2000� n � 10000

Figure: probability of excursion Figure: probability of excursion with
errorbar
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N � Pois(l ), t � Exp( l
600)

How does l in�uence time to excursion
l represents the average number of kicks in 600 days.
600
l represents the average time between kicks.E[t ] = 600

l .
As l increases, time to excursion is more likely to have Gaussian
distribution.
Also, asl increases, the mean time to excursion decreases.

Figure: histogram of time to excursion
corresponding to di�erent lambdas

Figure: mean time to excursion vs.
lambda

Cathy Liu Immuno-epidemiological Model for Transient Immune ProtectionSpring 2022 16 / 20




