Math 301 — Exam 1 review guide solutions

Solution 1.

a.

False: the set A = (0,1) has multiple upper bounds (ie. any real number z > 1). Modified
statement that is true: Every subset of R that is nonempty and bounded above has a unique
least upper bound.

True: We have shown that (—7/2,7/2) ~ R. Moreover, R ~ (0,00) since the function
f:R — (0,00) given by f(x) = e” is a bijection. Therefore by the transitivity of ~ we have
that (—m/2,7/2) ~ (0, 00).

False: consider the sequences (a,) and (b,) given by a,, =1 —1/n and b, = 1 for all n € N.
Let a =b=1. Then a, < b, for all n € N and a,, — a,b, — b but it is not the case that
a < b. Modified statement that is true: If a, — a and b, = b and a, < b, for alln € N then
a <b.

. False: consider the sequences (ay) and (by,) given by a, = 1 and b, = (—1)" for all n € N.

Then (a,) converges and (b,) is bounded but (a,b,) diverges. Modified statement that is
true: If (an) converges to 0 and (by,) is bounded, then (a,b,) converges.

False: consider the sequence (a,) given by a, = (—=1)" for all n € N. Then (a,) is bounded
and contains a convergent subsequence (for example asy, = 1 for all k& € N). However (a,,) does
not converge. Modified statement that is true: If (a,) is monotone and contains a convergent
subsequence, then (ay) converges. (try proving this)

Solution 2.

a.

First we show that —S is bounded above by showing that —inf S is an upper bound of —S.
Let y € —S. Then y = —z for some x € S. Since inf S is a lower bound of S we have that
x > inf S. This implies that y = —x < —inf S. Next, it remains to show that —inf S is the
least upper bound of —S. Let U be an upper bound of —S. We must show that —inf S < U.
We first claim that —U is a lower bound of S. Let z € S. Then —z € —S, which implies
—x < U. Therefore x > —U and our claim holds. Since —U is a lower bound of S and inf S
is the greatest lower bound of S we have that —U < inf S. This implies U > —inf S which is
what we wanted to show.

. To prove that sup {1 — % 'n € N} = 1 we must first show 1 is an upper bound of the set

A= {1 — % 'n € N}. Let y € A. Then y = 1 — 1/n? for some n € N. Therefore, y < 1.
Next, we must show that for each € > 0 there exists y € A such that y > 1 —e. Let € > 0. By
the Archimedean property there exists ng € N such that 1/ng < e. Notice that since ng € N
we have that n2 > ng. Therefore 1/n2 < 1/ny < € which implies 1 — 1/n2 > 1 —e. Let
yo=1—1/n. Then yp € Aandy > 1 —e.

. We claim that a,, — 0. Let € > 0. Define N € N to be such that N > e~ /P, Suppose n > N.

Observe that
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d. We first claim that (a,) is decreasing. That is, we claim that a,+1 < a,, for all n € N which
we will prove by induction. For the base, when n = 1, note that as = 1 and therefore as < a;.
Next, let n € N and suppose that a,11 < a,. This implies that —a,4+1 > —a, and thus
4 —apy1 >4 — a,. Therefore
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Next we claim that (a,) is bounded below by 0, which we prove by induction as well. The
base case, when n = 1 is clear since a; = 3. Next, let n € N and suppose that a,, > 0.
Therefore —a,, < 0 which implies 4 — a,, < 4. Therefore
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Thus by the Monotone Convergence Theorem, the sequence (a,,) converges to some value L.
Using the recurrence relation defining the sequence we have that L = 1/(4— L). This equation
can be rearranged to give the quadratic equation —L? 4+ 4L — 1 = 0. Solving this gives that
L = (4 +/12)/2. We conclude that L = (4 — 4/12)/2 since the other possible solution is
greater than all the terms of (a,).

e. To show that (ka,) diverges to +00 we must show that for each M > 0 there exists N € N
such that ka,, > M for all n > N. Let M > 0. Since a,, — +0oo there exists N € N such that
an > M/k for all n > N. Let n > N. The ka,, > k(M/k) = M.



