
Math 301 — Pointwise and uniform convergence

Problem 1. Let fn : R → R be given by

fn(x) =
x2 + nx

n

for each n ∈ N. Define f : R → R by f(x) = x.

a. Give an ϵ-δ proof showing that fn → f pointwise on R. Does N in your
proof depend on x?

b. Prove that fn → f uniformly on [−2, 2].

Problem 2. Let fn : [0,∞) → R be given by

fn(x) =
nx

1 + nx

for each n ∈ N.

a. Find f(x) = limn→∞ fn(x) for each x ∈ [0,∞).

b. Give an ϵ-δ proof showing that fn → f pointwise on [0,∞). Does N in
your proof depend on x? Note: f is not continuous on [0,∞) even though
fn is for each n ≥ 1.

c. Prove that fn → f uniformly on [a,∞) for any a > 0.

Problem 3. Let (fn) be a sequence of functions defined on A ⊆ R which are
all continuous at c ∈ A. Suppose that fn → f uniformly on A for some function
f : A → R. Prove that f is continuous at c.


