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4.1: What is a Branching Process? 

● A stochastic processes that model the growth of populations.
● Independent individuals produce a random number of offsprings with a probability 

distribution a=(a0,a1,a2,a3,...)
● Zn count the number of individuals in the nth generation for n≥0
● A Markov chain



LEMMA 4.1

● Lemma: In a branching process, all nonzero states are transient
● Prove: P(Zn=i|Zo=i) < 1, where i is a population size and i＞0 
● Conclusion: All nonzero transient states in an infinite state space means, the population 

goes extinct or grows without bound in the long run.



4.2: Mean Generation Size 

● In a Branching Process, the size of the n th generation is the sum total of the offspring of 
individuals of the previous generation (n-1 th generation)

Xi = number of children born to the i th person in the n-1th generation

● To find the mean of the size of the nth generation, that is E(Zn) 
condition of Zn-1, we use the Law of Total Expectation.



What happens in the long run?

We can find the long-term expected generation size by taking the limits of E(Zn) = μn on 
both sides. There are three cases:

, subcritical - long-term extinction;
, critical - stability;
, supercritical - boundless growth. 



Other possibilities in the long run

● In the subcritical case, the mean generation size declines exponentially and eventually 
reaches 0

● In the critical case, the mean generation size is stable but eventually goes extinct
○ The probability of extinction is 1 but its growth is stable

● In the supercritical case, the mean generation size either grows exponentially without 
bound or goes extinct. 

 



Simulations of branching processes 
with different values of 𝝁

● When 𝝁 = 0.75 in the subcritical case, we see 
all simulations have eventual extinction

● When 𝝁 = 1, all but one simulation leads to 
extinction

● When 𝝁 = 1.5, some simulations show 
extinction while some show boundless growth



Theorem 4.2 - Extinction probability theorem

Given a branching process, let G be the probability generating function of the offspring 
distribution. Then, the probability of eventual extinction is the smallest positive root of 
the equation s=G(s)
If 𝝁 ≤ 1, the extinction probability is equal to 1.



Illustration of Theorem 4.2 
using an example

Illustration of Theorem 
4.2 using an example

Exercise 4.29



Applications of branching Processes

- Epidemiology
The supercritical extinction in the long term has applications in today’s world. 

Viruses

- Population control 
- Ecology



Thank you!
Any questions?


