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1. Compartmental Model
For each time t > 0,
X1(t), X2(t), X3(t) is the 
number of particles in 
the boxes 1, 2, and 3 
respectively

N(t) is the sum of 
particles at time t

Time is continuous



X(t) represents the number of particles in the box at time t 



Conditional Instantaneous Stochastic Rate





2. SIR Models



Big Questions

- How fast does the disease spread from one person to others?
- How many people can be infected at once? 

- Terms of supplies, necessary medical care, etc.
- How long does it take everyone to become infected?

- Does that necessarily happen?
- How long is it before everyone is recovered? 
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What is an SIR model?
- Simple Epidemiological model
- Susceptible, Infectious/Infected, Recovering/Recovered
- Categories and model change with specifics

- Infected does not always mean infectious, recovering 
- does not mean recovered or immune
- Environment, vaccines, other preventative measures
- As well as the given disease

- Assumptions are important!



General Assumptions
1. Initially, at least one member of the population has the disease

a. Markov chain model is dependent on the proportion of 
infected people (𝝺) because it’s based on a compartmental 
model and its underlying Poisson process

2. Population is isolated, and has a constant population N
a. No population growth or decline during that time period

i. Ex. In SIR model: # of susceptible + # of infected + # of 
recovered = N

3. Everyone has the same probability of infecting anyone else



General Assumptions Pt.2 - parameters
1. 𝜷 i.e. Contagion Parameter

a. Average number of effective contacts 
b. (part of the) Relationship between S and I

2. 𝛄 i.e. Recovery Rate
a. Likelihood that any infected individual will move from infected to 

recovered
b. (part of the) Relationship between I and R

All of this is dependent on the underlying Poisson distributions
- 𝛄 does not equal 𝜷
- 𝜷 and 𝛄 are not the probabilities of moving from S to I or I to R because 

they are not states 10



SIR Model
Parameters:

1. 𝜷 : “contagion parameter”; average number of effective contacts made 
by an average infective person per unit of time

1. 𝛄 : “recovery rate”; on average, infected individuals recover with rate 𝛄
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SIR Model
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SIR Model
Probabilities of an infection and of a recovery in time [t, t+𝚫t] :

Complementary probability: 
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State Diagrams
- Each state of the Markov chain consists of a pair of values (S, I )
- Don’t need to include the population of R in each state because 

we can automatically deduce that using  S + I + R = N.

Example: For an SI model, when total population N = 5,
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4, 1 3, 2 2, 3

(𝜷*4*1/5)                       (𝜷*3*2/5)                       (𝜷*2*3/5)                    (𝜷*1*4/5)

1, 4 0, 5



3.
Application of SEIR 
Model with 
Tuberculosis

Susceptible Exposed (Pre-
Infectious) Infectious Recovered



Choosing values for 
parameters
𝜷 = average # of effective contacts = ce

= (R0)/D = 4.3/17.5 = 0.2457143
𝝺 = rate of progressing to infectious

= 1/d = 1/365 = 0.002739726
𝛄 = recovery rate 

= 1/D  = 1/17.5 = 0.05714286
* d is pre-infectious period, avg of 1 year for TB
** D is infectious period, avg of 2.5 weeks for TB
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SEIR Equations
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➔ Constant population (no births/deaths)
➔ “Equal mixing”
➔ Simulate 1000 days of an epidemic from 

these starting values
➔ t will be indexed in days
➔ 𝚫t will be calculated for every 1 day, 

plotted in continuous time
➔ Lets us observe how the compartments 

change over time
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Simulation in R
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Update the 
counts in each 
compartment 
every Δt = 1 
day
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THANK YOU FOR LISTENING!


