Suppose P is regular.

Since P is regular, there exists N € N such that PV > 0.

Then for each i,j € S there exist r,s > 0 (namely 7 = s = N) such that P/, > 0 and Pj; > 0.

Then all states communicate.

Then the chain is irreducible.

Since PN > 0, PN*T™ > 0 for all m > 0.

Then for each 7 € S, Pg"’m > 0 for all m > 0.

Then d(i) = gcd {N,N+1,N+2,...} =1.

Then the chain is aperiodic.

Then the chain is ergodic.

Suppose the Markov chain is ergodic.

Since the chain is ergodic it is irreducible.

Then for each 4,5 € S there exists M (i,5) > 0 such that PM(9) > 0,



Let M* = max{M (i,7) : i,j € S}.

Since the chain is ergodic it is aperiodic.

Then for each i € S there exists N (i) € N such that P? > 0 for all n > N (7).

Let N* = max {N (i) : i € S} and note that for each i € S, P > 0 for all n > N*.

Let X = M* + N*.

Observe that for each i,j € S
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where PX*M(M)
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> 0 since X — M(4,j) > X — M* = N*.

e Then P is regular.



